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Optimized tomography of continuous variable systems using excitation counting
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We propose a systematic procedure to optimize quantum state tomography protocols for continuous variable
systems based on excitation counting preceded by a displacement operation. Compared with conventional
tomography based on Husimi or Wigner function measurement, the excitation counting approach can significantly
reduce the number of measurement settings. We investigate both informational completeness and robustness, and
provide a bound of reconstruction error involving the condition number of the sensing map. We also identify the
measurement settings that optimize this error bound, and demonstrate that the improved reconstruction robustness
can lead to an order-of-magnitude reduction of estimation error with given resources. This optimization procedure
is general and can incorporate prior information of the unknown state to further simplify the protocol.
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I. INTRODUCTION

Quantum state tomography (QST) is a powerful procedure
to completely characterize quantum states, which can be
extended to quantum process tomography for general quantum
operations. However, QST is often resource consuming,
involving preparation of a large number of identical unknown
states and measurement of a large set of independent ob-
servables. For qubit systems, many techniques have been
developed to reduce the cost of full state tomography,
such as compressed sensing [1-3], permutationally invariant
tomography [4], self-guided or adaptive tomography [5,6],
and matrix product states tomography [7]. In contrast, for
continuous variable (CV) systems that also play an important
role in quantum information, the standard techniques in use
today are decades old, namely, homodyne measurement [8,9]
for optical photons and direct Wigner function measurement
[10-12] for cavity QED. With the rapid development in CV
quantum information processing, ranging from arbitrary state
preparation [13] to universal quantum control [14,15] and from
engineered dissipation [16,17] to quantum error correction
[18,19], a large dimension of Hilbert space can be coherently
controlled in experiments [12,20]. However, homodyne mea-
surement might not be immediately applicable due to intrinsic
nonlinearity preventing applying a very large displacement
in cavity QED, and Wigner function measurement requires
intensive data collection [20]. Thus there is an urgent need for
reliable and efficient tomography for CV systems.

There have been significant advances in excitation counting
over various physical platforms, including optical photons
[21], microwave photons [22-25], and phonons of trapped ions
[26-28]. In particular, the capability of quantum nondemoli-
tion measurement of microwave excitation number has been
demonstrated with superconducting circuits [29]. Tomography
based on excitation counting has also been theoretically pro-
posed [30,31] and experimentally demonstrated with trapped
ions, and cavity or circuit QED [25,26,32]. However, all
these works only considered specific choices of measurement
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settings (associated with certain displacement patterns), and
mostly restricted to the feasibility of tomography, without
further investigating the robustness against measurement noise
to develop robust QST protocols for CV systems.

Motivated by these recent advances, we develop a theo-
retical framework to investigate cost-effective QST protocols
for CV systems based on excitation counting. Conventional
QST protocols can be regarded as special cases collecting
partial information of the excitation number distribution.
For example, up to a displacement, the Husimi Q function
can be regarded as the probability of zero excitation, and
the Wigner function can be obtained from the difference
between probabilities associated with even and odd number of
excitations. We expect more cost-effective QST by collecting
full population distributions upon various displacements using
excitation counting, which can be efficiently achieved in
various CV systems [21-29].

The rest of the paper is organized as follows. In Sec. II,
we first provide a mathematical formulation of QST based on
displacements and excitation counting. We then consider QST
for a special class of quantum states in Sec. III, illustrating the
advantage of excitation counting and introducing the criterion
of error robustness in terms of the condition number (CN) of
the sensing map in Sec. IV. The main results on QST of a
general unknown quantum state are presented in Secs. V and
VI. In Sec. VII, the choice of optimization target for different
error models is analyzed. We put our optimized scheme to
the test using simulated measurement records in Sec. VIII.
Section IX discusses possible generalizations of the scheme.
Finally, the conclusion is given in Sec. X.

II. INFORMATIONAL COMPLETENESS
Mathematically, QST solves the inversion problem
A-p=b,

where g is the unknown density matrix arranged as a vector,
b denotes all the measurement records, and A is the sensing
matrix determined by the kind of measurements performed.
The set of measurements should be informationally complete
(IC), that is, the sensing matrix A should be invertible [33].
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